We show that for any n there is an arrangement of n lines which contains an x-monotone path of length (n 7/4 ).
Introduction
Properties of line arrangements in the plane (see [5] ) have been intensively studied, partly because of their importance in the construction and analysis of geometric algorithms (see [2] ). One of the most important and studied such problems is the k-level problem. The k-level of an arrangement of n lines is the closure of the set of points of the lines with the property that there are exactly k lines passing below them. The k-level of a line arrangement is an x-monotone polygon (path) which has a turn in each of the line intersections on it. Its length is the number of turns plus one, which is called the complexity of the k-level. The k-level problem asks for the maximum complexity of the k-level in an arrangement of n lines. The best known upper bound is O(n 3 √ k ) [1] and the best known lower bound is ne ( √ log k) [6] , for any n 2k.
In this note we consider a generalization of this problem, when the polygon does not necessarily have a turn in each of the intersections on it. In other words, we want to find the maximum length of an xmonotone path in an arrangement of n lines in the plane. The length of the path is the number of turns plus one. Sharir (see [2, 3] ) established an (n 3/2 ) lower bound. Matoušek [4] improved it to (n 5/3 ). Yamamoto et al. [7] found an interesting application of this problem.
Theorem. For any n > 0 there exists an arrangement of n lines which contains a monotone path of length
(n 7/4 ).
Obviously, there are at most n 2 intersection points in any arrangement of n lines, so a monotone path has length at most n 2 + 1. We very slightly improve this trivial upper bound (see remarks).
Proof of theorem
We construct an arrangement of at most n lines which contains a monotone path of length (n 7/4 ). We define it in three steps. For any arrangement A of lines, |A| denotes the number of lines in A.
Step 1 
Clearly, there is a monotone path of length 2m in this arrangement (see Fig. 1 ).
Step 2. Suppose for simplicity that √ m is an integer. Define A , and 
. Now we have the following monotone path. Start with a monotone path of length 2 √ m in the intersection of the first row and first column. We leave the intersection on the highest line in the first row. Then we use 1,1 to go up to the highest line in the first column, below its intersection with the second row, and then we go along the monotone path of length 2 √ m in the intersection of the second row and first column. After leaving the intersection, we use 1,2 to reach again the highest line in the first column, and we continue analogously, until leaving the intersection of the last row and first column. Then we go down on 1 to the lowest line of the first row, and proceed similarly along the second column, then the third column, until the last column. This path includes a monotone path of length 2 √ m in the intersection of each row and column. Therefore, the length is at least 2m √ m > m 3/2 (see Fig. 2 ).
Step 3. First we define A 
) under the same isomorphism. Let
and
In other words, for any row R Fig. 3 ). In A Remarks.
(1) As mentioned in the introduction, a monotone path has length at most n 2 + 1 in any arrangement of n lines. This can be improved by the following observation. Take a monotone path of length 5m and divide it into m intervals, each of length 5. Notice that above or below each of these intervals there is a crossing of the lines which is not on the path (see Fig. 4 ). So, if there are n lines and a monotone path of length k, then
2 /12 > k. Considering longer intervals, the constant can be further improved, but we were unable to give a o(n 2 ) upper bound. (2) One could try to apply our construction recursively, to get a better lower bound. The first step would be an arrangement of (say) √ m parallel bundles of √ m lines (rows) and another √ m parallel bundles of √ m lines (columns) and some "additional lines", such that at each row-column crossing we have an arrangement isomorphic to the construction presented in this note. However, in any such construction we had to add much more than O(m) "additional lines". We still believe that our construction is far from being optimal. (3) If instead of the number of turns, we define the length of the path as the number of intersection points on it, it is easy to construct an arrangement of n lines with a monotone path of length (n 2 ).
